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Abstract, The Kondo-reduced Emety model is investigated for cyclic CuQ chains. When the
spin—exchange coupling is zero, the model is exactly solvable in terms of spintess fermion
operators. In the general case we find that the ground state energy has an unconventional
dependence on an external magpetic flux. This behaviour can be interpreted as dus to an
induced statistical flux. The strong-coupling behaviour can be explained in terms of compound
particles, which allows some rigorous results in this limit.

1. Iniroduction

In the last few years many people have been interested in the properties of strongly correlated
fermionic systems. To a large extent this interest was associated with the phenomenon of
high-T, superconductivity (HTS) discovered at the end of 1986 by Bednorz and Miiller [1].
In spite of an enormous experimental and theoretical activity since then no great progress
has been made in understanding the mechanism of HTS.

It is now generally accepted that regular CuQ, planes are responsible for HTS.
Both components, Cu and Q, seem to be important in the strong antiferromagnetic and
superconducting properties of the HTS family. Anderson [2] was the first to suggest that
the simple Hubbard mode! could be 2 good candidate to describe this system. Although the
majority of theoreticians today deal with strongly correlated models, their interests are no
longer attached to a very definite model. Instead, many are involved in investigating the
models according to their own prejudices.

Among these other models, one can find those invelving only one sublattice represented
by Cu sites. This approach supposes the Cu-ion state to be strongly correlated with the
electronic configuration of O ions from its environment. We do not wish to discuss the
question of advantages and disadvantages of concrete models, but our choice is associated
with what we call the Kondo-reduced Emery (KRE) model. It and other similar models
[4,5] originate from the Emery model [3], where a conventional ‘vacuum’ corresponds to
the ionic states Cu* and 0%~ Single hole excitations will transform them into Cu®* and
O~, respectively, while for the Cu* and neutral O states one needs to include the on-site
Coulomb repulsion terms. The wave functions on Cu and O sites are strongly hybridized.
This is equivalent to including in the Hamiltonian a Cu—~Q hopping term of rather strong
amplitude. Because a single-hole energy level on an Q site is a few eV above that on a Cu
site, the former would be approximately empty of holes if there were no doping.

The KRE model can be derived in second order of the perturbation theory from the
original Emery model when the expansion proceeds in a small parameter, which is the
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ratio of a hopping amplitude over the energy gap [6,7]. According to this model all
Cu sites are treated as if they are Cu?* ions. Hence, these ions are responsible for strong
antiferromagnetic correlations in HT superconductors. The carriers due to doping preferential
occupy O sites, transforming them into the'O™ state. In the framework of the KRE model, the
Cu—O hopping amplitude transforms into the effective O—O hopping term which includes a
spin scattering on the intermediate Cu site. Actually, such a hopping amplitude differs from
that due to a simple kinetic-energy term, but this O-O charge transfer is more reminiscent
of a two-particle interaction. The same- (second-) order perturbation theory leads to the
spin—exchange interaction of holes on the nearest O and Cu sites. In short, one can say
that KRE model reflects the low-¢nergy properties and neglects all the contributions due to
upper Cu and O bands, i.e. two-hole on-site states are excluded.

The Hamiltonian of the KRE model has the following form:

H=1 Z pL.adL,ﬂdR.apn..B + szi,adfq'pdk.apr.ﬂ (1)
(ri#r2, R) R}

where p,t,c, creates a hole on the O site » with spin projection o while dL,ﬁ creates one on
the Cu site R with spin projection 8. In the first term one sums over all Cu sites R and
the nearest O sites labelled by r| and ra. This represents O holes hopping in the localized
background of Cu spins. The second term gives a spin exchange of Cu and O holes situated
at the nearest sites. In figure 1 the effect of the Hamiltonian on a state consisting of one O
and four Cu spins is shown.

bos  4os o

Ho o=r0 b+ d o

bod  boé  bos

bhb b o4

® Copper Pooroor
oo + J o O+ J O 0 Figure 1. The effect of the Hamiltonian of the Kondo-
e + 04 o c e reduced Emery model on a state consisting of one O

and four Cu spins.

In this work we are interested in the properties of CuQ alternating chains. This problem
seems to be very far from giving any explanation of HTS mechanisms. However, such
chain fragiments are very common in O-deficient planes of YBa;Cu3Og., and similar HTS
compounds. Nowadays there is a real possibility for direct neutron measurements of a
spin density on Cu sites belonging to the short chain fragments. This is equivalent to the
collective contribution of Cu spins to the paramagnetic susceptibility [8]. In addition, short
chain fragments enclosed periodically demonstrate very interesting properties, which could
be interpreted in terms of spinless carriers with a local statistical field attached [9, 10).
This fact points to the possibility that O carriers in the regular CuO; planes can be quasi-
autolocalized with a statistical field attached in order to gain energy. A similar statistical
flux is also seen in the r—/ model [11-13] and the connection to anyons and fractional
statistics has been pointed out [14, 15].

This work is organized as follows. In section 2 we present an exact solution of
the KRE model with the spin—exchange term neglected. This allows is to extract the
statistical field contribution to the energy of the spinless fermions. It is noteworthy, as
has been demonstrated in [16], that such a model can to be generalized by introducing the
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special exchange interaction which keeps the magnetic and spinless fermionic degrees of
freedom separated. In section 3 we returm to the more realistic case of non-zero magnetic-
coupling constant J and obtain numerically the ground-state energies of small cyclic chains
in an external magnetic field. Similarly to the situation in the exactly solvable model,
the statistical field that determines the carrier-band motion still persists. Some numerical
Tesuits concerning the density—density and correlation functions of carriers are presented in
section 4. Surprisingly, they are found to be almost completely independent of the coupling
constant J. We also calculate Cu—Cu spin correlation functions. These are found to be
more sensitive to the spin—exchange coupling. In section 5 we consider the strong-coupling
limit when a carrier is effectively transformed into a compound particle due to the strong
magnetic interaction with the Cu spins surrounding the O hole. We can then obtain an exact
solution of the model for chains with N = 3 and N = 4 Cu spins, which confirms our
previous numerical results.

2. Exact solution for zero spin—exchange coupling

We consider an altemating ring of N Cu sites and N O sites. The Cu ions are situated
on the half-integer-numbered sites 3, 3, ... between the O sites at 1,2,..., N. There is
& localized spin—% d hole on every Cu site and we consider n spin-% 0O p holes hopping
between the O sites.

We will first consider the simplest case when spin—exchange coupling J = 0. The

Hamiltonian (1) can then be written as

N
H =T sz.adj+%‘ﬁdi+é.api+l,ﬁ + HC. (2)
i=]

and we will impose periodic boundary conditions

dyy1=d PN+ =PI 3

i
2
The Hamiltonian changes the position of the O holes, but it never changes the spin sequence
[o1, 02, ..., Onin). So the subspace of states which have the same spin configurations or
one that is obtained by applying the cyclic permutation operator P:

P01, 024 ceos SN gn) = 103, O3, ooy O 01}

is invariant under the action of the Hamiltonian, Using this special symmetry of the
corresponding wave functions, this model has recently been solved exactly and found to be
equivalent to a system of non-interacting spinless fermions [10].

A more compact solution will be presented here. It is very similar to the exact solution
of the one-dimensional Hubbard model in the limit /' — co obtained by Caspers and Iske
[17]. In both cases there are effectively n spin-% particles on N sites, and the sequence of
spins is not changed by the Hamiltonian. The difference is that in the above Kondo-reduced
model the spin sequence consists of # 4+ N spins and the holes change their spins when
moving between O sites. Nevertheless it is possible to construct almost the same effective
Hamiltonian in both cases.
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Using p!, and d:f, as creation operators of holes of spin ¢ on O and Cu sites, a general
state with n holes on the O sites ji, ja2, ..., j, can be written

L — gt f 1 T t
| QJU’"'}" (01,02, s ON3a)) = dil.rﬂd%.o'z " ‘dfl——l o'npfl "In-rld.fl—l-%.cm-z “' 4)
d ,  pl d 0.
Jo= 301t 0T et 3 N %Uma

We now find it convenient to introduce a state which is the Fourier sum over the cyclic
permutations of the spins. When it has wave number £, it can be written as

!(b.fl.f!-.-fa(k; Oy 02 veny ONn)) = J_ Ze{mk}l QJU: 2 [P (o1, 02, ..., O’N+n)])
m=0
i .
= 1B 01 95 Os20) €1y, 02,05, 00) +
+ eikfl’l‘-—l)l Qj[fz---jn (o'nl, Tnigly vary O'n'..l.))]

where n’ £ N + n is such that
P {01, 02, vecs Ot} = {041, Owa2e vy O} = {01, 02, cevy ON )}
and the wave number takes the values
k=QQr/n"Hu =012, ..,4 —1 (5)

To find the effect of the Hamiltonian (2) on the states we consider the three different ¢ases:

I: l<ji<p<...<ju<N
Ha: l=ji<ja<...<fa<N
Tlb: l<ji<j<...<ir=N.

In the first case the Hamiltonian is simply changing the indices j as in the Hubbard model
and we have

H'¢J|J:J.(k; 01,025 very O'N-l-n)) = _r[i¢j1-lj;...jn (’C, Ty 024 iy ON+I’1))
18 b1y (65 01,02, s Opgn)) + - oo+ | P i (ks 01,02, ooy ONgn)))

If ji +1 = j, there will be no [®; 415,k 01,02, ... On4,)} term and this state is
forbidden.

Now we define the new set of states | W, ;, ;) where the quantum numbers % and o; are
not involved and a corresponding effective Hamiltonian Heg, such that the effect of Hyy on
| W 5...,) is the same as the effect of H on |, (k; 01,02, ..., Gy4,)}. This is obtained
by

| Wiy} = *, - 6)

Heg =t Z(c e +clyie) M
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in which ¢; are fermion operators.

We now consider the case lla. The only difference from case I is when the Hamiltonian
(2) moves a hole from O site 1 to site N. Then we have

Hisnl 1,501, 02, cs O )}

t t I 1
= - tpN.a'[dN+_2I,‘,,2pN+I.O'1dN+%.61 d‘;_mp,‘azd%m e N—-%.rm_,_,llo)
= —rpl 4t t
= — TPy, d%md%as . 'dN—é.am.lO
= SRR S B I B U t
= —w=p"d b dl Pl l0)

= — (- Qv (02,03, ey ONan, O1))
This gives
Hion 915, (k5 01,02, oy Ongg)} = —2(=1)V 18 D L v (5 01, 02, et ONn))
and corresponds to an additional term in the effective Hamiltonian. It is simply seen to be
Her(1 = N) = —1(—1)"e!"®¢l, ¢
since then _
Hee(1 = M)W ) = —-1:(—I)"‘Y';:('i’”c:}\ﬁ:}2 ) ..CLIO) = —7 (=Nt le=R g, .

Repeating this argument for case IIb, it follows that the effect of H on the arbitrary state
19100 k3 01, G2, vy Ongn}) 18 again the same as the effect of Hyr on the state | Wy, 5. ;)
where now the full, effective Hamiltonian with the above boundary piece is

N-1
Hyr = -1 (Z(c}cjﬂ +ele) + (D) Reler + (- 1)”e<*’cIcN) ®)
j=1

The only difference between this effective Hamiltonian and that of the single-band Hubbard
model is the factor (—1)V and the possible values & can take,
We can make this Hamiltonian translationally invariant by the local gauge transformation

T=

c; =g, ¢ el=igt 9

1

when the phase angle takes the special value 6; = jA. When the parameter A satisfies the
condition

e[i[k+{.'\c’—l)¢an.]} = e[—i(A—:rNJ} (10)
which is equivalent to A = —k/N + m, the effective Hamiltonian takes the form of the
tight-binding model

N

Heyr=—1 Z[e“ma;ajﬂ +e¥al, a;]. (1)
j=1
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it is easily diagonalized in momentum space where it becomes

He = —21 Ecos(q + A)ala, (12)
7

with the quantized momenta
g=2x/N)v v=01,....N~1. (13)

The number operator n, = a:’,aq has eigenvalues n, = 0,1 so the eigenvalues of the
Hamiltonian are

k
Epny = 2t ; cos (q - —ﬁ) ng (14)
where the set of quantum numbers {r,} has to satisfy the constraint
> ng=n (1s)
q

We see that the energy spectrum is identical to the spectrum of the single-band Hubbard

model [17] except for the overall minus sign and the possible values (5) the wave number
k can take,

We are now also able to calcutate the ground state correlation function for two O holes
in a system with N Cu holes. The ground state will be of the form

| o) = a}, al,10) (16)
and has the energy
Eq = 2t(cosn; + cos 2)

where »; = ¢; — k/N with the constraint ¢, 3 g,. In the ground state the quantum nurmbers
must be chosen such that both #; and #» are as close as possible to . This is obtained

when the difference n) — n; is as small as possible. Thus we have g, — g2 = +2a/N. The
correlation function is given by

(n;mp)n = (o [dj-l Gﬁa},ajzllffo) =2[1 - cos (g1 — q2) (j1 — 2)}/ N (17)
when j, # j,. With the above result for ¢, — ¢a in the ground state, it then becomes

(e = 2[1 - cosr/N)(jr — j2) |V (18)
When j) = ji, we have simply

(nmy v = (ny v = 2/N
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which is simply the density of two O holes on N sites.
A homogeneous magnetic flux ¢ through the ring leads to the appearance of a phase
factor e'"®/¥! in the hopping term t. This changes the energy spectrum (14) to

k
Epi=12t Zcos (q -5 + %) ny. {(19)
g

We see that the term —4/N appears in the energy in the same way as the external flux.
It is therefore natural to consider it some kind of induced flux due to the dynamics of the
quantum spins. Under interchange of holes it was shown in [10] that it also shows up in
a phase factor, which is consistent with this interpretation. One can therefore also call this
induced term a statistical flux.

The correlation function does not depend on the magnetic flux since the difference
m — 42 is independent of it.

3. Ground-state energies

‘When the spin-exchange coupling / # 0, the Hamiltonian (1) does not have an exact
solution. We have instead performed numerical calculations of the ground-state energy
(GSE) using the Dagotto—Moreo algorithm [18]. We have considered systems characterized
by different numbers of Cu and O holes and a homogeneous magnetic flux ¢ through the
ring. To find the ground state for an even number of sping we used as a basis all possible
states with S; = 0, and for an odd number of spins we chose as a basis all states with

, = —1, for convenience spin is measured in integer units. In figure 2 the ground state of
a chain consisting of one O and six Cu holes is plotted as a function of external magnetic
flux. The upper curve corresponds to J = 0 and can also be obtained from (19). It changes
gradually as .J is increased to J = 0.1. The shape of the GSE is similar for ali J > 0.1
There are absolute minima in the energy at /27 ~ 0.28 and ¢ /27 ~ 0.72 and at the other
periodically eguivalent points.

B T=0
-2, 00} RER -2.00
-2.02
-z.02 By
Ey -2.04
-z.04
-2.06
-2.08 -2.08 J=01
0.2 G.a T.% 0.5
&
b3

Figure 2. Cround-state enevgy Ep as a function of  Figure 3, Ground-siate energy Ep as a function of
magnetic flux in a system consisting of one O and six  magnetic flax in a system consisting of one O and seven
Cu holes. The coupling constant J js changed from 0  Cu holes. The coupling constant J is changed from 0
to 0.1 in steps of 0.01, to 0.1 in steps of 0.01.

When the number of Cu spins increases by one, we find the new energies shown in
figure 3. There is now an absolute minimum at ¢ /27 = 0.5 and slightly higher minima
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~3.45

-3.50
=3.65
=3.5%
-3.70
-3.60

=3.75

0.2 e.4 0.6 c.2 ¥

£

Figure 4. Ground state energy as a function of magnetic ~ Flgure 5, Ground state energy £ as a function of
flux in a system consisting of two O and six Cu holes.  magnetic flux in a system consisting of two O and seven
The coupling constant J is changed from 0 to 0.1 in  Cu holes. The coupling constant J is changed from 0
steps of 0.01. to 0.1 in steps of 0.01.

at /27 = 0.1. Qualitatively the same behaviour is found with two holes moving in a
background of six Cu spins, shown in figure 4. With two holes among seven Cu spins,
shown in figure 5, we again find a dependence on the external flux similar to the case shown
in figure 2 with one O hole and six Cu spins.

The effect of the external flux is seen to depend in a significant way on the total number
of spins in the system, i.e. the number of mobile O holes plus the number of localized Cu
spins. We see that the most important changes in the energy occur when J increases from
0 t0 0.1 in units of . For further increases in J the variation of the GSE with the flux does
not change substantially, simply the magnitude of the energy. In section 5 we will explain
this behaviour in the strong-coupling limit in terms of a compound particle consisting of an
O hole and its two nearest Cu spin neighbours.

From these resuits we may also conjecture about the behaviour of such systems in the
thermodynamic limit. Figures 3 and 4 indicate that the local minima of the GSE will persist
at integer and half-integer values for the magnetic flux ¢/27. When increasing the length
of the chain, these minima are expected to tend to the same limit. This would then be
evidence for a superconducting state of the one-dimensional ring according to the Byers—
Yang theorem [19]. Similar resulis are obtained for the attractive and repulsive Hubbard
model and a ¢t—J-like model on cyclic chains [20]. The situation with odd numbers of spins
in figures 2 and 5 in the thermodynamic limit seems even more intriguing, because the GSE
minima are situated at the magnetic flux values ¢/27 = %(2:: =+ I). The periodicity of
Eo(¢) in this case again signals the appearance of superconductivity at T = 0. Perhaps
the unusual shift of the minima is connected with a constant induced flux of magnitude

¢/2m = L.

4. Correlation functions

Numerically it is straightforward to calculate the correlation function between two O holes.
With zero spin—exchange coupling the correlation function was found to be independent of
the flux in the analytical result (18). When the spin—exchange coupling J is different from
zero, the correlation functions are found to be almost independent of the magnetic flux.
They change by at most 1% or 2% as the flux is varied and we will therefore take the flux
to be zero.

We have numerically calculated the charge correlation function C;; = (n;n; } for the O
holes. At J = 0 the two holes were found to repel each other. With increasing coupling J
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this repulsion increases as seen in figure 8, where the correlation functions are calculated
for a system consisting of two O holes and five Cu spins. When J > 50 there is almost zero
probability for the two holes to be nearest neighbours and {nin3) approaches the upper
limit . This asymptotic value is consistent with two equally distanced holes distributed
over five possible sites. For J = 0 the numerically calculated correlation functions agree
with the analytical result of (18).

0.20 —
0.15
Cis Cu
0.15
0.01
0.10
Cu
0.05 0.0%
Cz Ciz
0.00 0.00
[ 70 0 %0 B0 Toa T T3 i) 3 ) 100
J J

Figure 6. Oxygen hole comelation functions in a  Figure 7. Oxygen hole correlation functions in a system
system consisting of two Q and five Cu holes with zero  consisting of two O and six Cu holes and with zero
magnetic field. magnetic field.

In figure 7 the number of Cu holes is increased by one, Now there are three different
possible distances between the two O holes. Again we see that the cormrelation functions
increase with the hole separation. The repulsion becomes stronger as the spin-exchange
coupling increases, but the next-nearest-neighbour correlation remains small and almost
constant. The reason for such an excluded-volume effect will be elucidated in section 5
where the concept of a compound particle makes a strong O-O repulsion at the nearest sites
clear.

To obtain some information about the spin configurations we have also calculated the
spin comelation functions of the Cu spins. When J = 0 these correlations are irrelevant
since the Hamiltonian does not change the spin sequence. However, when J > 0, the
configurations are mixed and non-trivial correlations will arise. In figure 8 we plot the
different correlation functions versus J in a system consisting of one O and six Cu spins.
They are calculated with magnetic flux ¢/2x = 0.2. The correlation functions are defined
as

Swn = {SmSn } — (Sm ){8n) (20)

where s, is the spin projection of the spin on the mth Cu site and s, the projection of the
spin on the nth Cu site. The Cu spin expectation value (s ) is also calculated and we see that
somewhat surprisingly (s} # m-.';. This means that {s) and the O-spin expectation value
{o ) are not equal. The O spin tends to have a positive spin projection when {5 ) is negative.
This means that the O spin tends to arrange the nearest Cu spins antiferromagnetically.

In figure 9 one Cu spin is added and (s) = {¢ } = 0 because the number of spins up
and down are equal and the state is symmetric with respect to the spin projection. Here the
iendency to antiferromagnetic ordering is even more clear.

The correlation functions are plotted in figure 10 as a function of the magnetic flux
when the spin—exchange coupling J = 0.1. The step-like behaviour at ¢/27 = 0.22 and
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S 0.2
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o1 13 0.0
{ .

Su
0.2

-8.3 ~0.4

-0.4 f Siz 0.6} Sz

J J

Figure 8. Copper spin correlation functions as Figure 9. Copper spin comelation functions as
function of spin—exchange coupling J with magnetic  function of spin-exchange coupling J with magnetic
fux ¢/2r = 0.2, The system consists of a cyclic chain  flux ¢/27 = 0.2, The system consists of a cyclic chain

of one O and six Cu spins, of one O and seven Cu spins.
a.2 Sig
0.0
0.2 Su
=0.4
Y — S ———]_ " Figure 10. Copper spin comelation functions as a function
¢ g2 e 06 0.8 : of magnetic flux with spin-exchange coupling J = 0.1, The
% system consists of a cyclic chain of one O and seven Cu spins.

0.78 corresponds to the sharp peaks in the lowest plot of the elsewhere smooth ground state
in figure 3. This is because the ground-state wave function changes at these values of the
flux. A similar situation appears in figure ¢ in a narrow region around 7 = 0.

Concluding this section we wish to discuss the possibility of application of the conformai
field theory ideas to estimate the exponents of the spin-spin correlation function [21,22).
In order to realize this program for the spin-% Heisenberg model, we need to perform a
finite-size calculation of the leading terms in the GSE and of the first excited energy level.
Extrapolations performed for the lattice size up to 18 spins give a reasonable, but not perfect,
estimate of the exponent mentioned above. However, a similar estimate is problematic in
the present model. Therefore, let us consider carrier concentration % Corresponding chain
fragments are (3 Cu, 1 O}, (6 Cu, 2 O) and (9 Cu, 30). Certainly, this information is not
enough to extract the terms proportional to N and N~! (N is the total number of Cu sites).
It is noteworthy that computer size limits the use of numerical methods to find the GSE for
chain fragments consisting of more than 10 Cu sites,

5. Compound particles in the sirong-coupling limit

The concept of compound particles has been discussed after the remark of Anderson [23]
that the Emery model can be mapped on a single band model. Such a mapping was carried
out by Zhang and Rice [24]. They interpreted a compound particle as an O hole aitached to
the O plaquette surrounding the central Cu site. Emery and Reiter [25] also used the idea
of a compound particle, however, they involved in the complex particle one G hele and
two Cu spins. So, our consideration is more of the Emery-Reiter type than of that due to
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Zhang and Rice. The intrinsic structure of the complex involving the O hole, which tends to
localize in its environment some paramagnetic configuration, is known after the estimate by
the variational method by Glazman and Ioselevich [26] and relates also to the Emery-Reiter
type of interpretation. In this section we present one more example of a compound particle
maode] for which an exact solution exists.

When the spin—exchange coupling J is much larger than the amplitude of the hopping
amplitude z, one O hole and the two Ca holes surrounding it are bound in a compound
particle due to the strong Cu—Q exchange force. In the leading order such a compound
particle is localized. However, due to the hopping amplitude, the O hole can be transferred
onto the nearest O site, destroying the ccherent spin state and creating a new compound
particle at the new site. The effective hopping amplitude of such a compound particle
obviously depends on the spin arrangement.

One can easily check that the ground state wave function of one O spin—% hole, coupled
antiferromagnetically with the two Cu spins surrounding if, is a spin doublet. When this
compound particle is situated at site ; and has a positive spin projection, it is represented
by the operator

C + = (1//6) (Zdjn-llz.'tp;nldi:-t-i/z.f

i Toogf t i
- dm—l/2.¢pm.1*dm+1/2.1 = dm—ljz.‘i‘pm 1d +1/2, J,)

The GSE for such a compound particle is equal to —J if the exchange operator has the form
JP where P is the spin permutation operator.
We will now calculate the amplitudes of the effective hopping terms. Starting with a
sequence of spins C;mdf I it is changed by the Hamiltonian into
133 5.

t t f § 1]
C’”'Tdm+%.f 1/\/-)( m 1/2.4 m+1/2¢pm+1 d -1-%.1

+dT—1 d+12 P+1 d 4
w=1/2.4 120 P 4 g

i i ¥ i 2 g i
+ dm—1i2.’rdm+'ti2.?pm+l.Q.d‘m_'_}_ T) =3 dm—1f2,1*cm+l.1'
5.

when the amplitudes are measured in units of 7 and we have projected the resulting state
onto the compound particle again. For the sequence of spins CL.Td* W3y the analogous
m 'i.

calculation results in

t i 3 1 i
C”"Tdm+%.L — (1/+/6) (“2dm—1j2,1dm+l/2.1.pm+1‘1‘dm+%_¢

1 t i t
+ dm 172, J.d 172, Tpm+l Td W3, + dm—l/Z.Tdm+i/2,1‘pm+!.J.dm+_3_ J
+3 7
5 gt t t 1
=~ % dm-l;z.fcm+u - '6 d’m-—-l/Z,J.CmH,T'

The corresponding equations describing how C,I,. ldf .2 and C’T id‘l L3 3, transform are
) m+z.1

now evident.
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Most likely, a2 single compound particle problem defined in terms of these hopping
matrix elements cannot be solved exactly for an arbitrary Cu magnetic arrangement.
However, we can solve it for some special backgrounds. The simplest is the ferromagnetic
case when we can take the hasis states to be the following:

) = CI,TdE/Z,T o ,qum.TIO}
12} = sz.TCE.Td'E/z.T . -‘ﬂv-uz.’rio)

IW&N-—-[) = dt/Z,T s dL,s/ngCL_LTlO)
=cCj.d, ..d , 0.
|'§["N) Nt %.T N 3‘1[ )

~z

Now using the derived hopping amplitudes for the compound particle applied to these states,
we find for the corresponding wave functions

Him = 3(Wmo1 + ¥ms) 2&mgEN-1

where H is the effective Hamiltonian acting in this space of projected states. Similarly,
hopping from the first and last states in the above sequence results in

Hin =2+ (-D"¥n]  Hiéw = v + DY)
This is simplified after the local gauge transformation

Ym > (D)"Y, @n
which restores translational invariance, Then we have for all states

HY,, = _%[et—imam_l + e(iar,z,‘m“]_ (22)

We can now impaose periodic boundary conditions which yield o = (27/N)n where n is an
integer. The resulting energy eigenvalues are therefore

£ =~%cos(2wn/N + ¢/N) (23)

where we again have included the effect of an external magnetic flux ¢ and we now measure
the energy in units of 7. In addition to this term we will have the uninteresting, but much
larger energy —J of the compound particle. The energies (23) are very similar to what
would result for a single particle in a periodic fattice in the tight-binding approximation.
This should be expected as long as the Cu spin background remains undisturbed. Since the
total spin of this system is very high, the result cannot be compared with the previously
obtained GSE since these were calculated for the states with the smallest spin.
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We can also obtain an analytic solution in the somewhat more realistic case involving
a compound particle and a flipped spin. Now we define the set of basis eigenfunctions as
follows:

[y

n—1 n<N

W7t} = .- c,I,T...d,th...iO) <
ngm-1 m<N

Wiipeija) = ceetlh gy Chyp o 10)
| ¥ N pgrp2) = CN.T “‘drTr+lf2..L T
W) = ..Cl ... 10)

[Yw) =C ... [0},

AN AN /ANI AN
e
A
=z
|

In order to use these states in a translationally invariant form, we subject the corresponding
amplitudes 1o a local gauge transformation as in (21):

Vmy = (—1)"e™F Y = (=1)memy 24

with @ = 2x1/N. When the effective hopping Hamiltonian now acts on these states, we
find that it gives

H s = "_%(e(—iy)wmul.r + eﬁyr‘FmH,r) (23)

where r is some half integer Iabelmg the site of 2 Cu spin and satisfying the conditions
lr —m| > 5 and |r—m| < N — E Then the compound particle is outside the range
where it can interact with the flipped spin. If it is not, then we obtain instead

7 = 1 T 5 (kT (
Hﬁ’m,mi% =% el= wm:i:!.mq:lfz + g C‘ ]Y)wm - E e :':W)l‘ﬂm:':]'mt; (26)
Hyy = E]s‘[e('y]‘# 1+ eHy)Em-x] + %I:e“wam+l,m-1/2 +ef™) ‘ffm-i,m-f-uz] 27

Here we have introduced ¥ = o + ¢/N when the system is in an external flux ¢. The
solutions of these equations are now translationatly invariant and will depend on the distance
between the compound particle and the spin flip.

We can now solve this eigenvalue problem. Writing the eigenvalues in the form

g=—2(e" +e7) (28)
one can easily check that eigenstates will be of the form

ey = Ael—9tN-3)]
¢m m+% Ae + 8

¥

3 = e(lrJ[Ae-q(N-d)eq + Be{"‘”]
m=1, m+-§

I‘[’m_i.j m+§ = eIiV‘N—-”)]{A + Be[—q{N—:i]!}_
amt+3 .
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Substituting these amplitudes into (26), we obtain the two equations

[e[iyw—zn + 4e[—q(N—2)]] A+ [4eq + e[iyw-mel—qw—sn} B 45y =0

{ 4e’ 1 e[—iy(N-Z]le[—q(N—EH]} A+ {e[-iy(N—Z)! + 4ei—q{N—2)]] B+ Sel~vW-2ly — ¢

where now ¥, = constant = . Similarly, we obtain from (27)

slesiym—z»] + e«—iwe[—qw—an} A+ Sle“i’” + e[iyw—zne[—qm—sn} B

+ [2cosy +4[(e? + e“‘”]lw =0

completing the set of three linear equations for the three unknowns A, B and . The
solution will give us g{y} and, hence, the energy of the interacting state. We note that the
quantity e!*7¥-21 egtering the equations can be transformed into el*i¢-21),

In the limit of a very long chain the effect of periodicity disappears. After some
elementary calculations the above eigenvalue problem then simplifies to

16z% + 82* cosy — 3522 4 12zcosy — 1 =0 (29)

where z = expg. Naturally, the energy must depend on the generalized wave number
Y. When ¥y = 0 we reproduce the GSE as in the case of the compound particle in the
ferromagnetic background. However, non-zero y values will lower the energy. Its minimum
is £ = —1.609 when y = &. Most likely, the energy spectrum will become lower and lower
with increasing number of spin flips. In the infinite-chain limit it probably becomes a non-
dispersion level with no periodic dependence on the external flux.

Finite rings are good candidates for studying the behaviour of complex systems that
include particles and their spin environment. We can now compare the above analytical
results for one compound particle and one spin flip with our numerical results for one O
particle on the background consisting of three and four Cu spins. In both of these cases the
GSE of the system should then result. For such small systems it is not possible to neglect
the terms proporticnal to exp(—gN).

For a ring with N = 3 Cu spins, the determinant for the above set of linear equations
simplifies to

25cos’ y = {cosy + 207 + e‘"‘”)]}2
which has the solutions

£=2c08y £=—%cosy. (30)
When the number of Cu spins is N = 4, the determinant gives the polynomial equation

162° + 82° cosy + (—19 + 8cos2y)z* + (20cos ¥ + 4cosy cos2y — 50cos 3}»')?.3
+ (—=19 +8cos2y)z’ + 8zcosy 4+ 16 =0
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Figure 11. Ground state energy of a system consisting  Figure 12, Ground state energy of a system consisting
of one O and three Cu spins as a function of magnetic  of one O and four Cu spins as a function of magnetic
flux with J = 20. The broken curve corresponds to the  flux with J = 20. The broken curve corresponds to the
compound particle and the full curve to the numerical  compound particle and the full curve to the numerical
results, results,

which has the analytical solutions

g=%(5cosy:l:\/75—71cosz}f)  s=-—%cosy. €2

Since the generalized wave number ¥ = « -+ ¢/N, these energies are functions of the flux
.

In figure i1 we compare the GSE of a system consisting of one O and three Cu spins
found from equation (30) using £y = —J + & with our previous numerical resuits. The
parameters of the Hamiltonian are J = 20 and v = 1. The broken curve corresponds to
the numerical results and we see that it coincides with the full curve corresponding to the
analytical results in the central part of the figure. The results for a ring with N = 4 Cu spins
are shown in figure 12. The true numerical GSE lies slightly below the analytical result of
equation (31), but the agreement is still swrprisingly good.

6. Conclusions

The KRE model is probably typical of various strongly correlated fermionic modeis. We
have here restricted our considerations to finite rings, consisting of alternating atoms as
in Cu-Q chain fragments. This problem is not completely academic because in real HT
superconductors like Y-Ba~Cu—O the chain fragmems form O deficient planes and are
responsible for the charge-transfer mechanism and some other normal properties of such
substances. Among several interesting properties of the model, we would like to mention
the unnsual dependence of the GSE on the external flux. We explain this in terms of a
dynamically induced statistical field. It probably allows a superconducting state at zero
temperature for infinite chains.

The paper starts with the rigorous analysis of the KRE model when the spin—exchange
coupling J is negligible. In this limit one can separate the charge and spin degrees of
freedom and the model can be solved exactly in terms of free fermions. In addition, the
ground state wave function has a well defined form for any value of the external flux,
which allows us to perform perturbative calculations over a small parameter J, There is a
possibility for a straightforward, but tedious analytical caiculation of the minima in the GSE
using perturbation theory when J < 1.
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For general values of the spin—exchange coupling we calculate the GSE numerically for
small chains using the variationally based algorithm of Dagotte and Moreo. We can then
also obtain the charge and spin correlation functions. These calculations can be extended
to also determine the first excited state. Using finite-size scaling we can then extrapolate to
large systems where results from conformal field theory can be used. One can then hope to
estimate the exponents of the correlation functions in this limit.

In the last part of the paper we consider the opposite limit of a rather small Kondo-
hopping term where the spin—exchange dominates the dynamics. In this case the compound-
particle concept is applied to reformulated the initial model in terms of a modified, but also
strongly correlated, model. This allows a fairly simple solution for N =3 and N =4 Cu
spins which explains our numerical results in this limit. The problem of compound particles
in larger systems should also be addressed. Its solution will give much needed insight and
understanding of such strongly correlated fermion systems,
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